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Λp p S(p) σ(p) =
±1
S(p) = u(p)σ(p) (p ∈ Λp) (1)
















[8] ap J D




















1 in-3 out 0J
2 in-2 out −2J














































0   
S
0
0   
*2 J < 0 2 (4in,4out)
























W ({σi} → {σ′i}) =
{
exp[−β∆E] ∆E ≥ 0
1 ∆E < 0































states index energy weight
4 out {S0} = (S0u|u = 0) +6J w(S0u) = w0 = z4
1 in-3 out {S1} = (S1u|u = 0, · · · , 3) 0J w(S1u) = w1 = z
2 in-2 out {S2} = (S2u|u = 0, · · · , 5) −2J w(S2u) = w2 = 1
3 in-1 out {S3} = (S3u|u = 0, · · · , 3) 0J w(S3u) = w3 = z













































0   
S
0
0   
Sµu µ u
13





0-bond {G0} = (G0v|v = 0) W (G0v) = W 0
1-bond {G1} = (G1v|v = 0, · · · , 5) W (G1v) = W 1











































W (Gνv)(> 0) W








































S00 1 0 0 0 0 0 0 0 0 0
S10 1 1 0 1 0 0 1 0 0 0
S11 1 0 1 1 0 1 0 0 0 0
S12 1 0 1 0 1 0 1 0 0 0
S13 1 1 0 0 1 1 0 0 0 0
S20 1 1 1 0 0 1 1 1 0 1
S21 1 1 1 1 1 0 0 1 1 0
S22 1 0 0 1 1 1 1 0 1 1
S23 1 1 1 0 0 1 1 1 0 1
S24 1 1 1 1 1 0 0 1 1 0
S25 1 0 0 1 1 1 1 0 1 1
S30 1 1 0 1 0 0 1 0 0 0
S31 1 0 1 1 0 1 0 0 0 0
S32 1 0 1 0 1 0 1 0 0 0
S33 1 1 0 0 1 1 0 0 0 0






u ) ∆ = 1


















ν) = Γ(Sµ, Gν) =: Γµν (7)
3 Γ Sµu u 7 Γ
∆
15
Γ G0 G1 G2
S0 1 0 0
S1 1 3 0
S2 1 4 2
S3 1 3 0
S4 1 0 0
(5) Γ

































=: P νµ (9)












P νµ = 1 (10)
(8) µ = 1, 2...4
w0 = Γ00W 0 (11)
w1 = Γ10W 0 + Γ11W 1 (12)
w2 = Γ20W 0 + Γ21W 1 + Γ22W 2 (13)
w3 = Γ30W 0 + Γ31W 1 (14)
w4 = Γ40W 0 (15)
(11), (15) (12), (14)
1 =W 0 + 4W 1 + 2W 2, z =W 0 + 3W 1, z4 =W 0,
↔ W 0 = z4, W 1 = z − z
4
3
, W 2 =























P 00 = P 04 = 1 (16)
P 01 = P 03 = z3 (17)
P 11 = P 13 = 1− z3 (18)
P 02 = z4 (19)
P 12 = z − z4 (20)
P 22 =
3− 4z + z4
3
(21)
(16)−(20) z ∈ [0, 1] [0,1]
1in-3out(3in-1out),2in-2out P νµ 11
2in-2out 2 P 22






























• Statistical Dependence Time(SDT)
1 1MCS=|Λp|( ) successive MC trials
l-th MCS M M(l)
4.1
AM (k) = 〈[M(k+ l)− µ][M(l)− µ]〉MC ∝ e−k/τ , µ = 〈M〉MC (22)











[−σ(i, 0)− σ(i, 1) + σ(i, 2) + σ(i, 3)] (23)










4.2 Statistical Dependence Time(SDT)





























〈Mα〉n = 0, 〈M2〉 = lim
n→∞
〈M2α〉n, σ2 = 〈M2〉 − 〈M〉2 = 〈M2〉 (28)
0
4.3
SDT 12 L = 64(4 · 643spin)






12(b) τdep n 12(a) AM (k)
τdep n τdep
n τdep ≈ 1/2
12(c) n = nmax τdep L
12(d) τdep τ
τM ∝ exp(2.1/T )
20
τdep ≈ 1/2 single exp SDT
τC = 0*
3 τM ∆ ≈ 2.1








































































S⊥(Q) = 〈‖Qˆ× S(Q)‖2〉 (29)
Q S Q




(hex + hey + lez) (31)
(h, h, l) a
5.2
L = 256 (|Λ| = 4L3) T = 0.3, 1.0, 2.0 (Dy2Ti2O7 Dy3+ =
67, 108, 864spins) 13 *4
13
T = 0.3 pinch point (0,0,2),(1,1,1),(2,2,2)





















































S(p, p′) = 〈σ(p)σ(p′)〉 (39)
C(d; d′) = −〈ρ(d)ρ(d′)〉 (40)
x− x′ = rti 1
5.4
14 (32) (39) (40) -
rS(r), rC(r) r, T
14(a),(b)
14(c) λC λS






nm(z, L =∞) ∝ z1 (42)
ξ ∝ z−ν = e2Jν/T (43)
(43) TC = 0(2in-2out manifold)
(88)
nm(z, L) ∝ zΨ(L/ξ) ∝ L− 1ν L 1ν zΨ(Lzν) ∝ L− 1ν (Lzν) 1νΨ(Lzν) ∝ L− 1νΦ(Lzν) (44)
26
3 5 L → ∞ L/ξ → const (44)
L
1





L = 32, 64, 128 14(d) ν = 13













































































































L =4,5(16L3 = 1024, 2000spins) ( 16 ) J = 2K,

































































































(53) (55) ∆ = 4.35 16
Ewald [3] ∆MC = 4.7
(3456spins)
15,16 L = 4, 5, 6
30




15 (55) ∆ = 4.35
L = 6(3456spins) ( )
16 L = 5 2000spins) L = 4 1024spins)
(55)





S(d, d′) = S(i, s; j, t) = 〈σ(i, s)σ(j, t)〉MC (56)
[110] [hhl] Q
pinch point
16-site cell (cyan) 1 1
(ex, ey, ez) ( , , )
(fcc)
















(ez + ex) ↔ 1
2
(1, 0, 1) (57)
4 ( ) *5
i ∈ [0, N) s ∈ [0, 3]
x(p) = x(i, s) 4
L(i) u(s)















(−t1 − t2 − t3) = 1
8






(3t1 − t2 − t3) = 1
8






(3t2 − t3 − t1) = 1
8






(3t3 − t1 − t2) = 1
8
(+ex − ey + ez) ↔ 1
8
(+1,−1,+1) (60)




























, nµ = 0, 1, 2... (63)
G
G = 2piGµt
µ, Gµ = [Qµ] ∈ Z (64)





, nµ ∈ [0, Lµ) (66)
35
Q · x(i, s) = Q · [L(i) + u(s)] = q · L(i) +Q · u(s) (mod 2pi) (67)
2




Qµ, Q · u(µ) = pi
4
Qµ (68)
Qµ = gµνQν (69)
gµν = tµ · tν ↔

 3 −1 −1−1 3 −1
−1 −1 3

 , gµν = tµ · tν ↔ 1
4

2 1 11 2 1
1 1 2

 , gµρgρν = δµν
(70)




























eiQ·u(µ)S(i, µ) + eiQ·u(0)S(i, 0) (74)
pinch point












G(i, j;Q) = 〈P⊥(i;Q) ·P∗⊥(j;Q)〉
= 〈[P(i;Q)− Qˆ(Qˆ ·P(i;Q))] · [P∗(j;Q)− Qˆ(Qˆ ·P∗(j;Q))]〉
= 〈P(i;Q) ·P∗(j;Q)− (Qˆ ·P(i;Q))(Qˆ ·P∗(j;Q))〉 (78)
C(d, d′) = C(i, a; j, b′) = −〈ρ(i, a)ρ(j, b′)〉 (79)
2
i ∈ [0, N) a ∈ [0, 1] [0 (1) diamond A (B)
] x(d) = x(i, a)
L(i) v(a)
x(d) = x(i, a) = L(i) + v(a) (80)




(−t1 − t2 − t3) = 3
8






(+t1 + t2 + t3) =
3
8















Q · x(i, a) = Q · [L(i) + v(a)] = q · L(i) +Q · v(a) (mod 2pi) (83)
2
































H(i, j;Q) ≡ −〈C(i;Q)C∗(j;Q)〉
38
A.2 Statistical Dependence Time(SDT)
N 1














(88),(89) n,N → ∞ µ = E{M} E{A} A
〈M〉






E{(〈M〉 − µ)2} = E{M(k)M(l)− µ2} (91)
C(k, l) ≡ 〈(〈M(k)〉 − µ)(〈M(l)〉 − µ)〉 (92)
m, l M τ
(91)
C(k, l) = E{C(|k − l|)} (93)
= (E{M2} − µ2)e−|k−l|/τ
= σ2e−|k−l|/τ
σ M




























































(99) τdep (96) τ
N n M 〈Mn〉α, α =
0, 1..., N − 1 〈Mn〉α N




































A.3 Debye Hu¨ckel (DH)
i = 1, 2, ... ni
ei = |e|zi (
∑
i eini = 0 :( ) zi
F
Fel
α, β, ... α δeα
• δeα eα δwα(
)
















∆ϕ(r) = −4piρ(r) (104)




















eψ(r)  kBT ψ














a r ≤ a















r = a ψ(a)δeα δeα α
































































x2 − · · ·
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